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Introduction

O Objective: Numerically robust
algorithm to compute derivatives of
poles, zeros and residues

O Output will be used in Sylvester
expansion solution of quadratic cost
function for optimal output feedback

O Facilitates feedback design in large
systems.

QZ review

O QZ historically used to solve
generalized eigenvalue problem (GEP)

Aw = ABw

[0 In turn used to solve Ricatti
Equations, compute transmission
Zeros, etc.
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Steps of QZ

O A is reduced to upper Hessenberg form
while B is reduced to upper triangular form,

O A is reduced to quasi-triangular form while
the triangular form of B is maintained

O the quasi-triangular matrix is reduced to
triangular form and the eigenvalues are
extracted

O the eigenvectors are obtained from the
triangular matrices and transformed back
into the original coordinate system

Building blocks of QZ

O QZ refers to the left and right unitary
matrices Q and Z such that QAZ is
quasi-triangular and QBZ is upper
triangular

O Q and Z need not be explicitly
formed, rather, Householder reflectors
and Givens rotations are applied to
submatrices of A and B.




Householder / Givens

O Householder finds:
H=1-uu”

0 Such that

Ha =1¢e,
O Givens rotation:

Overall QZ

O Problem is sub-divided to reduce
computational burden

A Az Ags Iz
A = 0 Az Aoz n—p—gq
0 0 Asg q
p n—p—q q
Bi1 Bi2 Baij P
B = 0 B2 Boas n—p-—gq
0 0 Bas q
j) " — 1') — f]
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[0 Rotations are applied to pencil and its
derivatives

OA
‘,)— —  diag(0,.dQ.0,)" + A + diag(,.Z.1,)"
gy
+ diag(l,,Q,1,)" * dA +diag(1,,Z.1,)
+ diag(l,, Q. I,,)T * A xdiag(0,.dZ.0,)
3 . .
()—B = diag(0,.dQ. ll,I)' +* B+ diag(l,. Z. I,j)’
aw
+ diag(l,.Q.1,)" * dB x diag(l,. Z.1,)
+  diag(l,.Q.I,)" * B xdiag(0,.dZ,0,)
A = diag(l,,Q,I,)" « A xdiag(1,,Z,1,)
B = diag(l,.Q.I,)" B xdiag(I,. Z.1,)
Deflation

[0 zeros on the diagonal of B must
deflated out the bottom of the pencil
to preserve the correct derivative
information.

O When B initially has two or more
zeros on the diagonal the deflation
logic becomes somewhat more
complicated. as shown below.
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| Jja=find(abs(diag(B(1:n-m,1:n-m)))<tol |<—

mm=length(ja)

FALSE ‘ TRUE

Deflate zero at Append | matrix to
B(ja(end) ja(end)) Top left corner of
to

B(n-m,n-m) l

AB.QZdAdB,.

B

Deflate zero at
B(2,2) to
B(n-m,n-m)

I

Remove fictional
Top row & left
column

Extracting the Eigenvalues

O Real eigs given by: A\; = a;;/b;.;

O Derivs by:

0 Complex elgs from the algorithm:

7
oJu!
o

(’I 2

-
day

0 'lf‘/'

()A 1 (')(n'! i (.)!)‘,'_,‘ a; ;

/) Lo N /);.2_1.

ai. 1/()1 1
1 Oayr  9Ibyqarq
b1 OY M b2,

a2 — by 2

(‘)(1‘1_2 ()/1 0[)1_2
F=m — =019 — U———
o or f o
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O Complex eigs algorithm continued

| S i
ay 9 = az2— thaa
T - :
day ,  Daz s O.Ub 'uab-z.z
- T 22 — ;
o o ar Ny
T
- 1 (a2 bigaz;
2\ b22  Dbiab2>
Up _ 1 U”;!Q ”;2 U]JQ!Q Uf)]_.g a1 U('lg_l ]’]_!2 111.2(12.]_ Uhl.l ??1.2”2.1 (‘)]’2!2
e 2bg s N ba o N Nl by by b, oY byy N
- ('(g_lfl;Q
"~ biabao
P . p dal o T
(I\(" 1 ()(12‘1 t + oay o 2,10y o r—)bl.l 2,101 o (_)E)Q‘Q
—_— = a a — —
O biabas \ ow L2 TURITHL bia 00 boo  OU

O and finally

ro= pQ +q
ar c)p c)q

A = p+p+sign(p)Vr
ﬂ = $+d—}+51gnp) S ()™ 1290
o o O o
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LTI System nomenclature

[0 State Space
X = ax-+ bu

y = cx-+du

O Transfer Function
F(s)=c(sI-a)'b+d

B(s)

A(s)

F(s) =

Batch Calculation of the Residues
(distinct poles)

[0 Partial fraction expansion:
~ DB(s)

Fo =3

K (st o) (s 2) s+ o)

B(s
A (s+p1)(s+p2)(s5+pn)

5) _
=)

, form<n

B(s) r o I
A

® " Grm TG T T G

[0 Can be solved by finding common
denominator, adding, and equating
powers of s.
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O If we write the simultaneous set of
equations in matrix form we get:

Zr=R, where:

Eij = Z (—pr) (=p1) - -

ke I
Xi(i,j) = sum(prod(combnk(-ps([1:j-1,j+1:n]),i-1),2)).

D and R= ['r’}] 1/2 ]ln]’]‘

B(s) = f/l.s'”*l + ”28,,,2 + ot

O that is:

1 1 |

n n 1
—P > - - S -
? it

1
Z (=pi) (=) Z (=pr) (=p1) -+ Z (=pi) (=) “ "
e -

as T2

tan nn
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Batch Calculation of the Residues
(repeated poles)

B(H) . ’.1 + 1‘2 + + ?'!ug\.
A(s) (s + [Jl)mk (s + pl)mk_l (s+ p1)
I M . "n
(s + p2) (s+ pn)

O Repeating the algebraic process, we discover that
the corresponding column of the = matrix can be
built from the bottom up pretending that the
system is lacking m, — j + 1 occurrences of the
repeated pole. The top m, — j of said column will
then be filled in with zeros.

Columns of & corresponding to
repeated pole:

0 0 1
n—1

ZL*[#RI —(mp —1)p

k=1

0 1 Z (=pr) (—=m)

k..‘r:(“:’)
k#n
n
1 Z—M"!’l Z (=pr) (—=p1) (=pm)
L;l_‘ It -4=(‘§')
k.l#n
n
Z — Pk Z (—pr) (—p1)
k=2 (.‘,.v.x 41)
k.= 2
ke 12
Z (=Pk) (—P1) Z (=pk) (=p1) (=Pm) -~
(=) (77)
=("2 k.fm= 3
k#1 k.1#£1
\ e —1
(—pk) p [T (=p) S | (SN
k=2 k=2 k=2
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Derivatives of the Residues

O The batch equation is differentiated
yielding: or _ 9=~

':'*18_R
IK ~ OK = 9K
oE 08 __,
0K - 0K~
e et~k s Y~ o Rt
OK B = 9K
9=, -

O Unpacking the derivative of the E
matrix, we get:

0
dp; - Ip el Ip;
3K TS 2. IR
) pm 1 o\
S (%) Moo (%) O em - (%) 0o
2£1

-1 P : —1
S e S (%) T () T
- Zm m2 s=1 2
s # 2
§F=m
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0 System numerator polynomial is
found from:

B(s) =¢(a—bc)+(d—1) A(s)

O Thus derivatives of the numerator
coefficients from the pencil

Oa Ob oc
[8K “KS PIk O}

n n—1
():1(‘-») . ()[)} n—1—m
e =3 (-5 2 11 e
J m= ':(,,;1)

sum(prod(combnk(-ps([1:j-1,j+1:n]),m),2))*(-dps(j))

12



5/12/2016

Numerical Examples

-2 1 0 0o 0 0 1 1 0 0 0 0
1 =2 1 0 1 -1 1 1 1 0 1 1
o 0 =2 1 0 0 Jda | 0O 1 1 1 00
0 0 1 -1 0 1 dp oo 1 1 0 1
0O -1 0 0 0 0 01 0 0 00
0 1 0 -1 0 0 01 0 1 0 0

Table 1. Pole derivative results

real(Pole)  imag(pole) real(Derivative) real(FD) imag(Derivative) imag(FD)

-3.38380 0 -0.617431 -0.617461 0 0
-2.19994 0 0.666242 0.666232 0 0
-0.624778  F1.34337 0.755544 0.755531 F0.160447 F0.160355

-0.0833092  +0.487702 1.22005 1.22008 +0.046311 + 0.0461307

Transmission Zero Calculation

x = ax -+ bu

y = cx+du 5 _ a|b

oy
|
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—2 1 0 0o 0 0 1
1 —2 1 0 1 =110
0 1 -2 1 0 0 [0
"zx—-!jL+21 =1 0 0 1 —1 0 110
cld 0 -1 0 0 0 0|1
0 1 0 —1 0 0 |0
| 0 0 0 1 0O 0 |0
i 00 0 01 ]
0O 1 1(60
0 1 0 0]0
OA
K = {:J 0 1 l (7J l 0
0O 1 0 0 0 0]1
0O 1 0 1 0 0f0
L O 0 0 1 0 00 |
Table 2. Transmission zero results
Zero Actual Derivative Finite Difference
-0.9999999999999992 -1 0.5000000000000018  0.49999937523637
-0.9999999999999999 -1 0.5000000000000002  0.50000004137018
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Residue Derivatives

0 For the system shown previously
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-2 1 0 0 0 0 1
1 —2 1 0 1 —110
b 0 1 —2 1 0 0 0
a
A = [4’7] = 0 0 1 —1 0 1 0
c| d ]
0 —1 0 0 0 0 1
0 1 0 —1 0 0 0
0 0 0 1 0 0 0 |
B(s) B 45 +8s + 4
A(s) s 4TS5 4 1857 + 2683 + 2452 + 8s+ 4
B(s) T ro n T3
A(s)  s+3384 512200  s+0.625+ 1.3430
e
s+ 0.625 — 1.343i s+ 0.0833 — 0.4881% s+ 0.0833 + 0.488%
ri = —0.183, ro = 0.241, r3 = —0.130 — 0.197¢ and r4 = 0.102 — 0.2991
é)Ri[Q_ 26 1.]1"
K 0 36 6
ory JOK —0.5328
dra /OK B 0.7136
(',),";;/(')K —0.4067 — 0.91271
dry /OK 0.3164 — 1.51154
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Sylvester Based Algorithm for OOF:

residue (num polynomial)

I:I Sylvester S expansion

o mp—I1 o

Z Z tle W (A — A.T) H (A — \I)™ ng(A)
k=1 [=0 P =1 I
i#k eigenvalue
[0 Is substituted for the system
dynamics in the quadratic cost
function

J = / (xTQx+uTR11) dt
0

O I.E.
N A”) AH \u (A” /\511)1'1,,(,\,?1(;2
ER eI
L # a
o mp—I1 1
tievt — — — j ) dt
;Z f q!( Al H (A — X\ ny(A) ¢
i=1
J#Db

O Which is re-written

~o O T 1 (AH AHI)IJ_ltP_l -’\HfQ
a= l;) 1 “P ]’ — l)' “ ¢

o N

pa—D a1 A-3nYU g
£33 s (A = D

b=1 q=
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[0 Which is then integrated closed-form

. led a Mg Ny 71 ptag—1 + _ 2 1 R 1
Ty AR 2 a )Y QA - A B
=1 1 et gm1 (Aa AP (p = D)l g — 1)!

O Where E(.:m)=polyvaln(¢ A):+ (ny *1I)

m,. occurences of

m _ D(A)ng(A) e

O and the nk terms come from the PFE

1 T T

+ -
(I)()\) ()\ — )\A,)”'-"' ()\ _ AA‘—}—l )'”LerL

Characteristic polynomial of A

Gradient of the cost function
[0 quotient rule

o.J 1 IF OG
- = — | G=—— F-
()pll GZ ()pn ()plt

F =EZ (AT NI 1Q(A — AT T Ey,

ap

G = (\] + \)prat

IF JEH : -
. TmAH AFDPIQA — MR,
Jdpn, r,)p,,

O[(AT — NIy

opn

+ EHX

ap

Q(A - AIJI)Qil th
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E,,, DA OA JA
(._I = |:(I)]‘L_+(I),__, (A( + ‘ A)+
Ip, ap,,

dp,  Ipy

OA IA o1 OA L od
+ @, (ri)p.,A +A“p”A + 4+ A ’__)p“>+zn Jpn,

D(A) ong(A)
N — A op,

O Derivative of matrix polynomial leads
to first / last algorithm:

first term:

Z;

da;

Z + (F + L)*Psi(p-1);

o i (A)/(AN— )" +

N H 1 oo
nonn

% subsequent terms:

for g = p-2:-1:1

F = A*(F + L);

L = L*a;

Z =2+ (F + L)*Psi(q);
end

[0 Map eigenvalue derivatives to
derivatives of char poly coeffs:

a(p'm—k' Z aAm, H )\S

Ipn, OPn
- (“)

SFEm
Fa H _ \Hrtyp—1 A H H
d{(A _ )\a I) } _ (P o l)(AH o )\FI)TJ—Q dA d)\u e q
t)pn ' apn dpn

[0 Is just one term in the polyderm
expansion.

A”F:|
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Result: Non-gradient search

I 1
08H
06H|
04H( |

02

K21

OH

024

04

086

] L 1 L L =
0z 03 04 05 06 o7 08 039 1

Results: Gradient search

Equal axis scaling:
1 .
N

08
0.6 |
0.4y |
02 |
on|
-0.2
o0af |

06 |

| \
1 02 04 06 08
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Open Issues

O Is the differentiated QZ stable?
[0 Operations counts

[0 Actual repeated eigenvalue cases that
are not defective / overly contrived?
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